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Introduction and Motivation p-brane, g-form field, localization
duality in bulk

¢ p—brane (in D = (p + 2) dimensions)

Randall-Sundrum (RS) brnae scenario (Warped extra dimesnion)

Lisa Randall Raman Sundrum

warp

factor

RS-l (2 branes) RS-l (1 brane)
finite ED infinite ED

The line element for a Randall-Sundrum brane is

ds® = e2A(y)n,wdx“dx” + dy? = e*49) (nm,dx“dx” + dz2>. (1)
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¢ Localization of gravity on brane

e Recover GR (Newtonian potential) on brane (massless
graviton)

e Correction to Newtonian potential (massive gravitons)

¢ Localization of bulk matter fields on brane
o Realize the Standard model on brane (massless modes)

e Probe extra dimensions (massive KK particles)
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¢ g—form field XMy MM,

A g—form field Xy, pm,...m, is a totally antisymmetric field

Xty My...Mq = XMy Ms... M) (Xq1) (2)
Its field strength is expressed as

YMMo--Mgir = Oy XMy 1]+ (Yg1) = dX[q) (3)

Examples:

@ 0-form: Scalar field ¢

o 1-form: Vector field Ay, (—q [ dxMAy)?!

o 2-form: Kalb-Ramond field?> Byy, (— [ dxMdxNByy) 3

1The action for a charged particle moving in an electromagnetic potential

>The KR field (NS-NS B-field) appears, together with the metric tensor and
dilaton, as a set of massless excitations of a closed string.

3The action for a string coupled to the Kalb-Ramond field. This term in the
action implies that the fundamental string of string theory is a source of the

NS-NS B-field, much like charged particles are sources of the electromagnetic
field.
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4 Hodge duality in bulk:
g—form < (p — g)—form in p 4+ 2 dimensions

A massless g—form field is dual to a (p — g)—form field:

= 1
— My-Mp_gi1 __ My---Mp_ g1 Ny---Ngi1
Ve I = e Y @)
Sbulk,q = Sbulk,p—q‘ (5)

Example: 0—form < 3—form in 5 dimensions (p = 3)

Yu-Xiao Liu (X|EZ) g—form field and Hodge duality on brane
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¢ Localization of g—form fields on RS brane (Susskind et al)

The bulk action for a massless g—form field is

-1

Sbulk,q = m

MiMy---Mgiq
/I\/IY T YMlMZ"'Mq+1’ (6)

where fM = dex —g. Susskind et al gave the following
ansatz [JHEP 0105 (2001) 031] *

A

Xugopg(X,¥) = Xuppg(x),  (zero mode) (7a)
Xgong12(x,y) = 0, (gauge condition) (7b)

so that Y}, = \A/[q+1]. Thus, the brane action reads

-1 i 9 2(g4+1—(D—1)/2)k
Shrane = 2((7—1—1)!/3MYH1 Hg+1 Y/‘«l"'/‘«q+1/ dye (g ( )/2) |y|. (8)

*N. Kaloper, E. Silverstein, and L. Susskind, JHEP 0105 (2001) 031:
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The localization of a g—form field on RS brane requires
the convergence of the y integral, or

D-3 p-1

I<—5 =5 )

So the ansatz (7) implies that only 0-forms (scalars) can be
localized on the brane in D =5 dimensions.

The above result claims that scalars can be bound to a
RS brane, but higher g—form fields cannot®.

This conflicts with the Hodge duality between 0-form
and 3-form fields in a 5-dimensional bulk.

®N. Kaloper, E. Silverstein, and L. Susskind, Gauge symmetry and localized
gravity in M-theory, JHEP 0105 (2001) 031, hep-th/0006192:
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4 Resolution (Duff and Liu)

The resolution of the paradox was given by Duff and
Liu®:
choose different ansatzs for small and large g

X(n')“ (X) g < D-3
X — Al"l Hq 9 5 103
e ngf?~-;¢q(X)e_(2q—D+1)k\y\, q> 03 (10a)
Xuyopig1z = 0. (10b)

With this choice, Hodge duality on the brane for the
massless modes can be kept.

However, the Hodge duality for massive KK modes
cannot be obtained.

®M. Duff and J.T. Liu, Hodge duality on the brane,-PLB-508 (2001)-381
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¢ Motivation

Is there other resolution? For which,
o the KK decomposition of the g—form field is suitable for

any q,

o Hodge duality for the massless modes on the brane is
also kept, and more important,

o Hodge duality for massive KK modes can be obtained.

Our resolution:
make a general KK decomposition without gauge choice

Xisoig(X0:2) = Zxﬁf () UP(2)em43), (11a)
Xy rz(32) = Zfsﬁf?.-uq_l(x“) US" (2)eA(®).(11b)

where a; = a, = (29 — p)/2.
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Localiztion and Hodge duality
for g—form field on brane
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Localiztion for g—form field on brane

The action for a massless g—form field is

1

5_ _2(q+1)I/M YMle...Mq+1 YM1M2"'Mq+17 (12)

and the EoMs are

am(\/jg yHib2Rat1) 4 9, (\/—g YZH2-Hal) = () (13a)
/= Y1) = 0. (130
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Substituting the KK decomposition (11) into the above
equaions, we get

. ) R ~
Oy (\/Tg Y(!:rl)w--ﬂq*l) + )\1X(l:72)”'“q+1 + A2 Y(l:f)m“q+1 =0, (14)

Nay
Dy, (\/7 Yuluz uq> + AsOp, (\ﬁ Xmuz uq> — 0, (15)

where

—(a1t+p—29)A
Moo= s <e<P—2q)A 0. (U ealA)), (16)
(g+1) Up
—(a1+p—29)A
)\2 == qe ( ) 8Z (Uén) e(32+p—2q)A> ) (17)
(g+1) Uln

82 U(") ealA
A3 = % (18)
g Uy e»A
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Substituting the general KK decomposition (11) into the
bulk action for the g—form field, we have

Sy = Z Sq.ns (19)
n
where the effective action for the n—level KK modes is

1 N N
S - YH gt Y(".)..
q,n 2(q+ 1)! /6M (n) M1 fig+1

1 Crang M G :
o /aM <Y(n) FRT) (@)
Here we have assumed that U£"2)(z) satisfy the following
orthonormality conditions

/ dz UM U) = G, (21a)
n n’ 1 2
/dz U = (":2)5,7,,,. (21b)
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Equations of motion for Uf") and Ué") are

I
3
N
=
3
—~~
N
~

Q0" U{"(2) 2 (22)

010 U(z) = m? U(2), (23)
with the operator Q given by QO = 0, + %EA/(Z), which
indicates that

e m2 > 0: There is no KK modes with negative eigenvalue.

Solutions of the zero modes U{?Q) (mo = 0):

U{O)(z) = N ef(P20)A/2 (24)
UP(z) = N, e (P20472 (25)
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Massless KK modes

Their effective action reads
Sq0 = /8 y </§0) Yoy VN g 18 Vi Y > (26)
where
1 = N / dz elP29)A, (27)
N3 / dz e (P=20)A, (28)

It is clear that only one of the zero modes can be localized
on the RS brane, g—form or (¢ — 1)—form zero mode.

),
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For the dual (p — g)—form field )~(l,11,2...l,p7q, one has

0 e

p—q,00 q+ 1’
~2 1
I;S—)q,OO (pP—qg+1) ’é,o)o-

So,

if there is a localized g—form zero mode,

there must be a localized (p — g — 1)—form one for its
dual field.

If there is a localized (g — 1)—form zero mode,
there must be a localized (p — g)—form one.
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Hodge duality on the brane for massless modes

Substituting the KK decompositions of the g— and
(p — q)—form fields into the Hodge duality in the bulk, we
obtain the Hodge duality on the brane

X M1 Hp—g 1

o L 11 fhp— g1V, (0 Y
VEE Vo) =y T Ve (),
N ML Hp—g+1 1 R
BV ) = o e 90, )

The Hodge duality on the brane just suggests that

@ a massless g-form field is dual to a (p—qg—1)-form one,
or

e a massless (g—1)-form field to a (p—q)-form one.

It can be shown that the corresponding effective actions are
the same.
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Massive KK modes and a new duality

Massive KK modes
and
a new duality
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Massive KK modes and a new duality

The effective action for each n—level KK modes of the
bulk g-form field is

1 ALy N
S - = YH it (n.)__
q,n 2(q+1)| AM (n) M1 g+

1 AL My o 2
_ Yll/l Hq n X,u,l Hq
2q! /aM < Tt ’

which is for two kinds of KK modes:

@ a massive n-level g-form mode with mass m, and

@ a massless n-level (g — 1)-form mode.
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Massive KK modes and a new duality

The effective action for each n—level KK modes of the
(p—q)-form fied is

3 1 §u1-~up—q+1 \7/(”)
p—q,n _m /81\/! (n) M1 Hp—q+1

L (),
2(p—q)! Jom p—qg+1

The above effective action is also for two kinds of KK modes:

e a massive n-level (p — g)-form mode with mass m, and
@ a massless n-level (p — g — 1)-form mode.
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Massive KK modes and a new duality

Substituting the field decompositions into the bulk
Hodge duality (4), we obtain the following dual relation on
the brane between two groups of n—level KK modes:

X 1 g mp, )7<“1"‘MP—q gt Hpo-g¥1 Vel §/(n) (30)
(n) p_q+1 (n) - (q+1)| /7_g_ V1 Vg

et ghtbp—atiViVa o () Mp ¢ (n)

i _ W(Yw.yq oy 1XV1...Vq). (31)

With these relations it can be shown that the following two
effective actions are equal:

Sq,n = gpfq,n' (32)
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Massive KK modes and a new duality

The duality between two group KK modes:

@ one is an n-level massive g-form KK mode with mass m,
and an n-level massless (g — 1)-form mode,

e another is an n-level (p — g)-form mode with the same
mass m, and an n-level massless (p — g — 1)-form mode.
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Conclusion

Conclusion

Dualities in the bulk and on the brane

duality
bulk | massless g-form < (p-q)-form
zero gq-form < (p-q-1)-form
mode e
(n=0) (9-1)-form < (p-q)-form
brane
KK g-form (1Mp) + (g-1)-form (massless)
modes T
(n>0)

(p-q)-form (77ln) + (p-q-1)-form (massless)
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Thanks for your attention!
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Conclusion

Hodge duality on the brane for massless modes

It can be shown that the corresponding effective actions
are the same:

1 Ot g1 < (0)
Sa0 = _m /8I\/I Y(Ol) o Yir-pgins
~ 1 X Hepp—g X (0)
Sp—q-10 = _2(P_q)!/81\/l Y(O) Yul---up—q’
or
13 1 Hhq 3 (0)
q—1,0 — 2q" Jom (0) M1 g
~ 1 < 1 pp—g+1 % (0)
Sp—q0 = _2(,DCI+1)!/8M Y (0) Y/—’ll"'l‘pqurl'
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Massive KK modes and a new duality

The effective action for each n—level KK modes of the
bulk g-form field is

1 T N
S - YH bt Y(".)..
q,n 2(q+1)| /6M (n) B1 g+l

1 O pg Mn_ gpapq :
o /(W <Y(n) oK)

which is gauge invariant under the following gauge

transformation:
XIS?')"Mq - XA(LT-)--uq+a[M1AH2"'“q]’ (33)
~(n n mp +
X0 = X, - g1 e (34)
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Then we can fix the gauge by choosing
X, = 0. (35)

The above effective action is for two kinds of KK modes:

@ a massive n-level g-form mode with mass m, and

e a massless n-level (g — 1)-form mode.
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Massive KK modes and a new duality

On the other hand, we find that the effective potentials
of the g—form and its dual (p — g)—form fields have the
following relationships:

Vp—q1(2) = Voo(2),  Vp_qa(2) = Vai(2). (36)

And there are some relationships between the KK modes:

gm 9 )

T = q+1U2 , (37a)
o _ P—q+1 ) 37h
o= BT, (370)
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